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1 Introduction 


Let Q be an open bounded set of R” (n > 3) with smooth boundary 0. We consider the 
following equations 


uz — Au, — Au = f(u) + Dif? + g(z), in N x Ri, 

u =0, on OQ, (1) 

u(z, 0) = w, TE Q, 
where f‘, g € L*(Q) (i = 1,2,--- ,n), and D; is the distribution derivative about the nonlinear 
functions f. This equation is a special form of the nonclassical diffusion equations used in fluid 
mechanics, solid mechanics and heat conduction theory!!], Existence of the global attractors 
for the nonclassical diffusion equations have been studied originally by Kalantarov!] in H4(). 
In recent years, many authors also achieved the existence of the global attractors under different 
assumptions|4-8]_ In [5], the authors obtained the global attractors in H4(Q) if the nonlinear 
function f is a C' function and satisfies the following conditions 

f(s) <1, VseER, (2) 

~—C\|s|? — Co < f(s)s < —Co|s/? +Co, p22, VseER. (3) 


We study the existence of exponential attractor for (1) in H (Q) if f satisfies (2) and (3). The 
main result of this paper is the to-be presented Theorem 3.1. 
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2 Preliminaries 


We set H = L?(Q), V = Hi (Q), and the corresponding norms in V and L?(Q)(1 < p < co) 


are denoted by 
lu? =f Vu, tue =f tp. 
QR 2 


Let X be a separable Hilbert space and Z be a compact subset of X. Let {S(t)}is0 be a 


nonlinear continuous semigroup that leaves the set Z invariant and @ = () S(t)Z, that is, g 
t>0 


is a global attractor for {S(£)}:>0 on 2. 

Definition 2.1!) A compact set & C M C B is called an exponential attractor for 
(S(t), B) if: 

1) M has finite fractal dimension; 

2) M is a positive invariant set of S(t) : S(t) ÆA C M, for all t > 0; 

3) “æ is an exponentially attracting set for the semigroup of operators {5(t)}e>0, ie., 
there exist universal constants a, 3 > 0 such that, for any u E€ Z, dist x(S(t)u, M) < ae~*, 
for all t > 0, where dist denotes the nonsymmetric Hausdorff distance between sets. 

Definition 2.2] A continuous semigroup of operators {S (t)}z>0 is of the squeezing prop- 
erty on if there exists tą > 0 such that S, = S(t,) satisfies that there exists an orthogonal 
projection operator P of rank No such that, for every u and v in &, either 


|Z — P)(S(t.)ur — S(ts)ua2)||, < ||P(S(tx)ur — S(tx)u2) ||, 


or 
1 
|| S(t«)ur — S(te)uall, < glu ~ uallx. 


Definition 2.39] We say S(t) is Lipschitz continuous in the compact set Z, if there exists 
a local bounded function l(t) such that ||S(t)u — S(t)u||x < i(t)llu — v||x, for u, v € Z. Here 
I(t) does not depend on u and v. 


3 Exponential attractor in V 


Lemma 3.15] Let f satisfy the condition (2) and (3), ft, g € L?(Q)(é = 1,2,--- ,n). 
Then for any uo € V and T > 0, the problem (1) has a unique solution u such that u € 
C((0, T]; V) YL (0, œ; V), us € L?(0,T; V). Moreover, u continuously depends on the initial 
data in V. 

Lemma 3.2] There is a positive constant pı such that, for any bounded subset B C V, 
there exists T = T(B) > 0, such that ||S(t)uol]| + |S(t)uolp < pi, for all t > T and up € B. 

From this lemma, we know that the semigroup of operators {S(t)}:>0 generalized by (1) 
possesses a bounded absorbing set Zo in Hi (Q). Hence l 


B= |] SH 
O<t<T 


is a compact invariant positive set in H4 (Q). 
Lemma 3.3"! There exists positive constants p2 and T = T(@o), such that ||uz(s)||? + 
\uz(s)|2 < p2, for all s > T and uo € Zo. 
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We obtain the following results immediately based on Lemma 3.3. 

Corollary 3.1 There exists L > 0 such that sup,,cg ||uz(t)||? < L, for all t > 0. 

Lemma 3.4! Assume that f satisfies (2) and (3), fi, g € L?(Q) (4 = 1,2,--- ,n). Then 
the semigroup {S(t)}:>0 possesses a global attractor æ in V. 

Lemma 3.5 Assume that f satisfies (2) and (3), and u(t), v(t) are two solutions of (1) 
with initial values ug, vo € Z, respectively, then 


u(t) — vll < e%*|}u(0) ~ v(0)}]. (4) 
Proof Setting w(t) = u(t) ~ v(t), we see that w(t) satisfies 

we ~ Au, — Aw — (f(u) — f(v)) =0. (5) 

Taking the inner product with w of (5), we obtain 
FE (lel + lal?) + lol? — (F) — Fo), w) =0. (6) 

By (2), it follows that 
| / (f(u) — F(v))wda < f |f" (0u + (1 — 8)v)| jwl?az(0 < 8 < 1) < ciw. 
Q QR 


Hence a 
q (vl + lwll?) < ex (lwl? + |Jw]]?). 


By the Gronwall Lemma, we complete the proof. 

Lemma 3.6 Assume the assumptions of Lemma 3.4 hold, then for any T > 0, the mapping 
(t, u) + S(t)u is Lipschitz continuous on D, T) x 2. 

Proof For uj, uz € B and ty, te € [0, T] we have 


[S(t1)ur ~ S(t2)ual] < |S lt1)u — S(t1)ua|| + || S(t1)u2 — S(tz2)u2]l. (7) 


The first term is handled by estimating (4). By virtue of Corollary 3.1, we obtain 
t2 
utes) = utall < | f utoao] < Zalı ~ tal. (8) 
1 


Hence, for some L = L(T) > 0, 
[|S(¢1)ea — S(ta)ual] < Liti — ta] + llur — uz II}. (9) 


Lemma 3.7 Assume that (2) and (3) hold, and u(t), v(t) are two solutions of (1) with 
initial values up, vo € Z, respectively, then the semigroup S(t) satisfies the squeezing property, 
i.e., there exist t, and N = No = N(t,) such that 


[|Z = P)(S(t.)uo ~ Stavo) || > ||P(S(t.)uo ~ $(te)v0) |, 


and i 
||S (tx Juo - S(tx)vol| < ={luo — voll. 
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Proof We consider the operator A = —A. Since A is self-adjoint, positive operator and 
has a compact inverse, there exists a complete set of eigenvectors {w;}2°, in H, such that the 
corresponding eigenvalues are {A;}92,, and 


Aw, = jw, O< Al SA2 L- SX <--- 4 +00, i — +00. 


We set Hy = Span{w, we, -- -,Wn}. Py is the orthogonal projection onto Hy, and Qn = 
I — Py is the orthogonal projection onto the orthogonal complement of Hy, and w = Pyw + 
Qnw = p+q. Assume that ||Pyw/(t)|| < ||Qyvw(t)||, taking the inner product of (5) with g, we 
obtain that 


sag (la +1lal?) + lal? - (Fu) — f), 4) =0. (10) 
By (2), it leads to 
2 C 
(Flu) = f(v)) ada] < o2 f hwl lajas < IË 4 hype, (11) 
Q Q 2 2 
Combining (10) with (11), we deduce that 
5 (la + lla?) + lal? < cabol. (12) 


Furthermore, by Lemma 3.5 and the Poincaré inequality, we have 


d ql? A 
S (lal + lal?) + HE 4 Axa 


IA 


e2|wl2 < calp + ql} < 2calql? < 2c2AȘ} llall? 


1A 


caXn qi lwll? < c3 A741 ||w(0)|l?. (13) 
Since A; < An4i, let c4 = min{}, 4}, and then we obtain 
dt S Clak + llall?) + ca (lal? + Ilall?) < csp p1e™ llw(0)l]2. (14) 


By the Gronwall Lemma, we conclude that 


la] + la) < e7% (1a(0)13 + lla(0) |) + CsA Ne" ||w(0) ||? 


C6 (e7? + càp 1 €°*) |[w(O)|[. 


IA 


Hence 
[[w(t)||? < 2a? < cs (67% + cgARA 1e®t) llw (012. 


Let t. > 0, such that cge~“*** < qiz, and then let t« be fixed, and N large enough, such 


that 
ï 1 


Cgegà y et < —— 
acoA = 128" 


Thus, we obtain that 


lwt) < tllwO. 
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Theorem 3.1 Assume that f € C1(IR1;R?) satisfies (2) and (3), ft, g € LQ) (i = 
1,2,--.,”). Then there exists an exponential attractor æ C V for the semigroup {5(t)}i>o0 


generated by (1). 
Proof From Lemma 3.7, S(t.) satisfies the squeezing property for some t, > 0. According 
to Theorem 2.1 in [9], there exists an exponential attractor My for (S(t), Z) and we set 


M= |] SM. 


O<t<t. 


By Lemma 3.6, (¢, u) +» S(£)u is Lipschitz continuous from [0,7] x Z to Z, and by the proof 
of Theorem 3.1 in [9], it is easy to see that .@ is an exponential attractor for ({S(t)}:>0, #). 
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